Introduction
Throughout this paper E is an elliptic curve over Q defined by a Weierstrass equation y 2 = f (x), where f is a monic cubic polynomial. The curve Dy 2 = f (x) will be denoted E D . When D is a nonzero integer, let r E (D) denote the rank of E D (Q). Let N r (E, x) = #{squarefree D ∈ Z : |D| < x and r E (D) ≥ r}, N + r (E, x) = #{squarefree D ∈ Z : |D| < x, r E (D) ≥ r, r E (D) ≡ r (mod 2)}. In [2] , Gouvêa and Mazur showed (using the fact that the twist E f (u) has rank one over Q(u)) that if the Parity Conjecture holds then In Théorème 1 of [4] Mestre showed that if j(E) / ∈ {0, 1728} then there is a polynomial g(u) ∈ Q[u] of degree 14 such that the twist E g(u) has rank at least 2 over Q(u). In Theorem 3 of [9] , Stewart and Top used Mestre's result to show that N 2 (E, x) ≫ x 1 7 /(log x) 2 for such E and for all sufficiently large x. For a special family of elliptic curves E, using a twist of E over Q(u) of rank at least 3, Stewart and Top (Theorem 6 of [9] ) found lower bounds for N 3 (E, x). Mestre announced in Théorème 2 of [5] that if the torsion subgroup of E(Q) contains Z/2Z × Z/4Z, then E has a (nonconstant) quadratic twist over Q(u) of rank at least 3.
For certain elliptic curves E, Howe, Leprévost, and Poonen (see Proposition 4 of [3] ) constructed polynomials g(u) of degree 6 such the twist E g(u) has rank 2 over Q(u).
In this paper we describe a method ( § §2-3) for constructing (nonconstant) quadratic twists of E over Q(u) of ranks (at least) 2 and 3, and obtain further examples. In the rank 2 case ( §4) we show that this method recovers the above mentioned results of Howe, Leprévost, and Poonen and of Mestre, and in the rank 3 cases ( §5) include Mestre's curves and some other infinite families. In §6 we use results of Stewart and Top to obtain lower bounds for N r (E, x) (and for N + r (E, x), subject to the Parity Conjecture) for these examples.
The idea behind the method is that given an elliptic curve E over an (infinite) field K, it is easy to find twists of E of rank r over extensions F/K with Gal(F/K) ∼ = We thank NSF, NSA, and the Alexander-von-Humboldt Stiftung for financial support, and AIM and the Mathematics Institute of the University of Erlangen for congenial working environments.
(Z/2Z) r−1 . When K = Q(t) and r ≤ 3, we show how to do this with F = Q(u) for some u, for certain families of curves.
We used PARI and Mathematica to perform the computations in this paper. The results of the computations, including those which are too long to display in the paper, can be found in the electronic appendix [7] .
We would like to thank Jean-François Mestre for pointing out that the curves with (Z/2Z × Z/8Z)-torsion are isogenous to twists of the curves in Theorem 6 of [9] , and Brian Conrey for telling us about connections between rank heuristics coming from Random Matrix Theory and Theorems 6.3 and 6.4 below.
After writing this paper we learned that the method we use here to construct rank 2 and 3 quadratic twists is essentially the same as one of the methods used by Mestre to prove the results announced in [5] . Since Mestre's proofs and explicit descriptions of the twists he obtains have not been published, and we need explicit forms of these twists for the applications in §6, we include the details here.
The method
We begin with the following well-known result.
Lemma 2.1. Suppose F is a field of characteristic different from 2 and A is an elliptic curve over
where the sum is over characters χ : Gal(K/F ) → {±1}, and A χ is A if χ = 1 and otherwise A χ is the quadratic twist of A corresponding to χ.
Corollary 2.2. Suppose E is an elliptic curve over Q, g 1 , . . . , g r ∈ Q(t) × , the fields Q(t, √ g i ) are distinct quadratic extensions of Q(t), and rank(E gi (Q(t))) > 0 for every i. Then
This proves the first part of the corollary, and the second is immediate.
Given an elliptic curve E over Q, we want to use Corollary 2.2 to construct twists of E over Q(u) of "large" rank. The following lemma provides us with elements g ∈ Q(t) such that rank(E g (Q(t))) > 0. Lemma 2.3. Suppose E is the elliptic curve over Q defined by y 2 = f (x). Then for every nonconstant h ∈ Q(t) we have
Proof. The point (h(t), 1) belongs to E f (h(t)) (Q(t)). Since this point is nonconstant, it cannot be a torsion point.
Remark 2.4. Conversely, if g ∈ Q(t) and rank(E g (Q(t))) > 0, then there is an h ∈ Q(t) such that E g ∼ = E f (h(t)) . To see this, let (h, k) be a point of infinite order in E g (Q(t)), and then f • h = k 2 g.
To apply Corollary 2.2 we also need to know when Q(t, 
are linear and linearly independent over Q, then the function field Q(t,
Proof. The first statement is immediate from Lemma 2.5. The second statement follows without difficulty by applying (i) first to the extension Q(t, √ k 1 )/Q(t), and then to the extension Q(t,
If g(t) ∈ Q(t) ⊆ Q(u), then g(u) ∈ Q(u) will denote the element g(t(u)), where t(u) is the image of t in Q(u). We regard f as an element of Q[t].
The following two propositions summarize a method for producing twists of E over Q(u) with ranks (at least) 2 and 3.
, and k squarefree. If deg(k) = 1, then the function field Q(t, k(t)) = Q(u) with u = k(t), and we have deg(f (u)) = 6 and rank(E f (u) (Q(u))) ≥ 2. If deg(k) = 2 and the curve s 2 = k(t) has a rational point, then Q(t, √ k) = Q(u) for some u, and rank(E f (u) (Q(u))) ≥ 2.
Proof. This follows directly from Corollary 2.2 (with g 1 = f and g 2 = f •h), Lemma 2.3, and Corollary 2.6.
, and k i linear and Q-linearly independent. If the curve
Proof. This follows directly from Corollary 2.2, Lemma 2.3, and Corollary 2.6.
Constructing useful twists
To apply Propositions 2.7 or 2.8, we want to find elements h ∈ Q(t) such that
, and k linear. The following two propositions give two possible ways of doing this. 
Proof. Both sides have the same divisor, and evaluate to f (α) at t = ∞.
Remark 3.2. SupposeẼ is an elliptic curve Y 2 =f (X) withf a monic cubic, and suppose φ :Ẽ → E is an isogeny. Then φ(X, Y ) = (φ x (X), Y φ y (X)) with φ x , φ y ∈ Q(t), since the x-coordinate of φ is an even function onẼ and the ycoordinate is an odd function. 
and the identity of the proposition follows.
is nonconstant, and let C be the curve
Applications: rank 2
The following statement is a reformulation of a result of Howe, Leprévost, and Poonen (Proposition 4 of [3] ) in a special case. The proof below is different from theirs, and uses the method described in the preceding sections.
Theorem 4.1 ([3] Proposition 4). Suppose that either (a) E[2] has a nontrivial Galois-equivariant automorphism and End
. Then there is a squarefree polynomial g(u) of degree 6 such that the twist E g has rank two over Q(u).
Proof. Suppose first that we are in case (a). Let h(t) be the linear fractional transformation which (after identifying the roots of f (x) with the nonzero elements of E [2] ) agrees with the given automorphism of E[2] on the roots of f . It follows from the Galois-equivariance of the automorphism that h ∈ Q(t). If h(t) = αt + β, then (since h(t) = t) we must have α = −1, and then the set of roots of f must be of the form { Now suppose we are in case (b). LetẼ be the quotient of E by the given rational subgroup. ThenẼ is an elliptic curve defined over Q by a Weierstrass model y 2 =f (x), and there is an isogeny φ :Ẽ → E of degree p, also defined over Q. Let h(t) = φ x (µ(t)) where φ x is the x-coordinate of the isogeny φ (as in Remark 3.2) and µ is the the linear fractional transformation which maps the roots of f to the roots off in the same way as the dual isogenyφ maps E[2] toẼ [2] . Sinceφ is defined over Q, µ ∈ Q(t). If µ(t) = αt + β, then after replacingf (x) byf (x + β) we may assume that β = 0. Then multiplication by α sends the roots of f to the roots off , soẼ is the twist of E by α. Let ι : E →Ẽ be an isomorphism over C. Then φ • ι ∈ End C (E) and (φ • ι) 2 = −p. This is impossible since we assumed that √ −p / ∈ End C (E), so µ cannot be a linear polynomial. Now the theorem follows in this case from Propositions 3.3 and 2.7 and Remark 3.4.
We illustrate Theorem 4.1 by using the method of § §2-3 to construct some explicit families of examples. In §6 we will make use of the explicit forms of the polynomials g below.
If E is an elliptic curve over Q and E(Q) has a point of order 2, then by translating the x-coordinate we may assume that (0, 0) is a point of order 2, and hence E is of the form y 2 = x 3 + ax 2 + bx.
is an elliptic curve over Q(u) of rank 2, with independent points of infinite order
Proof. That these points belong to Q(u) can be checked directly. Since they are nonconstant, both points have infinite order. The automorphism of Q(u) which sends u to −u fixes the first point and sends the second point to its inverse, so they are independent in E g (Q(u)). Since deg(g) = 6, Remark 3.4 and Lemma 2.5 show that the rank cannot be greater than two. (This is where we use that f has a rational root; if not, h would not have rational coefficients.) By Propositions 2.7 and 3.1 we see that E f (t) has rank at least 2 over Q(t, −b(at + b)) = Q(u) where we can take u = −b(at + b). We then have t = −(u 2 + b 2 )/(ab), and writing the curve E f (t) and the points (t, 1), (h(t), f (h(t))/f (t)) in terms of u we obtain the data in Corollary 4.2.
Suppose now that E has a Q-rational subgroup of order 3. The x-coordinate of the two nonzero points in this subgroup is rational, and after translating we may assume that this x-coordinate is zero. With this normalization one computes that E has a model of the form
with b, c ∈ Q, bc = 0, b 3 = 54c 2 , and conversely every curve defined by such an equation has a Q-rational subgroup {O, (0,
.
Proof. As with Corollary 4.2, the simplest proof is a direct calculation. 
Let φ :Ẽ → E be the isogeny given by (φ x (X), Y φ y (X)) where
The linear fractional transformation µ(t) which sends the roots of f to the roots of f in the same way thatφ sends
As in Proposition 3.3 we take h(t) = φ x (µ(t)) and see that E f (t) has rank two over Q(t, −c(2bt + 3c)) = Q(u) where we let u = −c(2bt + 3c). Then
and writing the curve E f (t) and the points (t, 1), (h(t), f (h(t))/f (t)) in terms of u we obtain the data of Corollary 4.4.
The following example is contained in Théorème 1 of Mestre [4] . We include it here to show how it fits into the framework of this paper. This result includes the families in Corollaries 4.2 and 4.4 above. The advantages of those corollaries is that the polynomials g(u) have smaller degree, which will lead to stronger results in §6.
Theorem 4.6 ([4]).
Suppose that E : y 2 = x 3 + ax + b is an elliptic curve over Q with ab = 0. Let
Then E g(u) has rank at least 2 over Q(u).
a(t 2 −1) , and h 2 (t) = −
at(t 2 −1) , and apply Corollary 2.2 with g i = f • h i and u = √ t.
Applications: rank 3
Suppose for this section that E(Q) contains 3 points of order 2, i.e., f (x) has three rational roots. After translating and scaling (scaling corresponds to taking a quadratic twist, which is harmless for our purposes) we may assume that f (x) = x(x − 1)(x − λ) with λ ∈ Q − {0, 1}.
Suppose σ is a permutation of the roots {0, 1, λ} of f . There is a unique linear fractional transformation h σ (t) ∈ Q(t) which acts on {0, 1, λ} as σ does. By Proposition 3.1, as long as h σ (t) is not linear there are j σ ∈ Q(t) and
In order to use these h σ in Proposition 2.8, we will need to find σ 1 , σ 2 such that the curve defined by r 2 = k σ1 (t), s 2 = k σ2 (t) has a rational point.
Theorem 5.1. Suppose that E is an elliptic curve of the form y
where
Then E g(u) has rank at least 3 over Q(u), with independent points
Proof. Take σ 1 to be the permutation of {0, 1, λ} which switches 0 and 1, and σ 2 to be the permutation which switches 0 and λ. Then the linear fractional transformations
act on {0, 1, λ} as σ 1 and σ 2 do, respectively. One computes in Propositions 3.1 that
If a = 0, then k 1 and k 2 are Q-linearly independent. Setting t 0 = (λ + 1)/2, and using that λ = −2a 2 , one obtains
These formulas give us a rational point on the curve of genus zero defined by r 2 = k 1 (t), s 2 = k 2 (t). Using this point one computes that Q(t, k 1 (t), k 2 (t)) = Q(u) where
,
is as in the statement of the theorem, then f (t) = g(u)/ (4D(λ, u) 3 ) 2 and the theorem follows from Proposition 2.8. The 3 points of infinite order are computed by taking points with x-coordinates t, h 1 (t), and h 2 (t), and expressing t in terms of u.
Theorem 5.2.
Suppose that E is given by y 2 = x(x − 1)(x − λ) where either
a 2 +1 with a ∈ Q − {0, −1, 2}. Then there is a squarefree polynomial g(u) ∈ Q[u] of degree 12 in u, which factors into a product of three quartic polynomials, such that E g(u) has rank at least 3 over Q(u). (See [7] for the polynomials g(u) and independent points of infinite order.)
Proof. Take σ 1 to be the permutation of {0, 1, λ} which switches 0 and 1, σ 2 to be the permutation which switches 1 and λ, and σ 3 to be the cyclic permutation 0 → λ → 1 → 0. Let h i ∈ Q(t) be the corresponding linear fractional transformation. Then in Propositions 3.1 we have f
with a ∈ Q − {0, ±1}. Then k 1 and k 2 are Q-linearly independent, and setting t 0 = 2λ λ+1 we find
These formulas give us a rational point on the curve
a 2 +1 with a ∈ Q−{0, −1, 2}, then k 2 and k 3 are Q-linearly independent, and setting t 0 = 1 λ we find
2 .
These formulas give us a rational point on the curve r 2 = k 2 (t), s 2 = k 3 (t). The theorem now follows from Proposition 2.8.
The following example applies to essentially the same curves as Théorème 2 of [5] .
Theorem 5.3. Suppose E[2] ⊆ E(Q) and E has a rational cyclic subgroup of order 4. Then E has a model
where a, b ∈ Q × , a = 1. Let g(u) be the poloynomial of degree 11
Then E g(u) has rank at least 3 over Q(u). (See [7] for 3 independent points of infinite order.)
Proof. We may write E as y 2 = f (x) where f has 3 rational roots. If C 4 denotes the rational cyclic subgroup of order 4, then 2C 4 contains a rational point, and we may choose our model so that this point is (0, 0). Denote the other roots of f by b and bλ. If Q is a generator of C 4 and x(Q) is its x-coordinate, then x(Q) ∈ Q and a computation gives x(Q) 2 = λb 2 . Hence λ is a square, and we write λ = a 2 with a ∈ Q × . Thus E is given by y 2 = f (x) := x(x − b)(x − a 2 b). The quotient of E by the group generated by (0, 0) is
The isogeny fromẼ to E is φ(X, Y ) = (φ x (X), Y φ y (X)) where
The linear fractional transformation
sends the roots of f to the roots off . Set h 1 (t) = φ x (µ(t)) ∈ Q(t).
Let σ be the permutation of {0, b, a 2 b} which switches b and a 2 b, and let h 2 ∈ Q(t) be the corresponding linear fractional transformation. One computes in Propositions 3.3 and 3.1 that
Setting t 0 = a 2 b we find
These formulas give us a rational point on the curve defined by r 2 = k 1 (t), s 2 = k 2 (t). Using this point one computes that Q(t, k(t), k σ (t)) = Q(u) where
We can solve for t in terms of u (see [7] ). The theorem then follows from Proposition 2.8.
Remark 5.4. The theorems above give certain infinite families of curves which have twists of rank (at least) 3 over Q(u). The restriction to these families makes it possible to find rational points on the genus zero curves r 2 = k 1 (t), s 2 = k 2 (t) which arise in the construction. It is possible to carry out the construction for many curves not in these families. We give one example in the next theorem.
Theorem 5.5. The elliptic curve
has rank at least 3 over Q(u), with independent points
Proof. The simplest proof is a direct computation. To construct this example one takes E to be y 2 = x 3 − x and proceeds exactly as in the proofs of Theorems 5.1 and 5.2, with h 1 (t) = t−1 3t+1 , h 2 (t) = t+1 3t−1 , which gives k 1 (t) = 6t + 2, k 2 (t) = −6t + 2.
The curve defined by r 2 = k 1 (t), s 2 = k 2 (t) has a rational point (r, s, t) = (2, 0, 1/3), and using this one computes that Q(t, √ k 1 , √ k 2 ) = Q(u) where t = u 4 − 6u 2 + 1. Proposition 2.8 with this input leads to the data above.
Remark 5.6. Let g(u) = 6(u 3 − 33u 2 − 33u + 1). Over Q(u), the rank of E g (respectively E g(u 2 ) , respectively E g(u 4 ) ) is 1 (respectively 2, respectively at least 3).
Densities
Recall the definitions of r E (D) and N r (E, x) ≥ N + r (E, x) from the introduction. In this section we use results of Stewart and Top [9] to obtain lower bounds for N r (E, x) (and, subject to the Parity Conjecture, for N + r (E, x), as Gouvêa and Mazur [2] did), with E and r provided by the examples of the previous sections. The first assertion of the following theorem is immediate from Theorem 1 of [9] , and was used by Stewart and Top in that paper in several families of examples. What is new here is that by using the examples of the previous sections we have more curves to which we can apply this statement. In addition, we show in the second assertion how to use Theorem 1 of [9] along with the Parity Conjecture to obtain results for higher rank (see also [2] and §12 of [9] ).
If A is an elliptic curve over Q, let w(A) ∈ {±1} denote the root number in the functional equation of the L-function L(A, s). The Parity Conjecture asserts that w(A) = (−1) rank(A(Q)) .
Theorem 6.1. Suppose that E is an elliptic curve over Q, and g ∈ Q[u] is a squarefree polynomial of degree at least 3 whose irreducible factors all have degree at most 6. Let r = rank(E g (Q(u))) and k = deg(g)+1 2
(ii) Suppose that the Parity Conjecture holds for all twists of E, and that there is a rational number c such that g(c) = 0 and w(E g(c) ) = (−1) r+1 . Then for
, a homogeneous polynomial of degree 2k. The first assertion is immediate from Theorem 1 of [9] applied to F . Suppose now that the Parity Conjecture holds and that c ∈ Q is such that g(c) = 0 and w(E g(c) ) = (−1) r+1 . Choose a closed interval I ⊂ R with rational endpoints which contains c but does not contain any roots of g, and let µ(u) = αu+β γu+δ ∈ Q(u) be a linear fractional transformation which maps [0, ∞] onto I and (for simplicity) such that µ(1) = c. Replace g by the polynomial (γu + δ) 2k (g • µ) of degree at most 2k. Then we still have that r = rank(E g (Q(u))), and our construction guarantees that this new polynomial g also satisfies:
(a) the constant term of g and the coefficient of u 2k are both nonzero, (b) the irreducible factors of g have degree at most 6, (1)N , and using (c) and (d) above, gives that
S(x) = {D ∈ S : |D| < x}. By Theorem 1 of [9] , for x ≫ 0,
(Note that as stated, Theorem 1 of [9] does not include the restriction a, b > 0 in our definition of S(x). However, the proof in [9] does restrict to positive a, b.) Theorem C of [8] implies that r E (D) ≥ r for all but finitely many D ∈ S. However, by (6.1), if D ∈ S then w(E D ) = (−1) r+1 so the Parity Conjecture tells us that r E (D) = r. Hence r E (D) ≥ r + 1 for all but finitely many D ∈ S, and so assertion (ii) of the theorem follows from the Stewart-Top bound (6.2).
Corollary 6.2. Suppose that E is an elliptic curve over Q, and g ∈ Q[u] is a squarefree polynomial of degree at least 3 whose irreducible factors have degree at most 6. Let r = rank(E g (Q(u))) and k = deg(g) +1 2 . If the Parity Conjecture holds for all twists of E, and g has at least one real root, then for x ≫ 0,
Proof. If g has a real root then g(Q) contains both positive and negative values (g has no multiple roots because it was assumed to be squarefree). Thus by a result of Rohrlich (Theorem 2 of [6]) we have {w(E f (a) ) : a ∈ Q, f (a) = 0} = {1, −1}.
Now the corollary follows immediately from Theorem 6.1(ii).
We now give some applications of Theorem 6.1 and Corollary 6.2. There is a constant K = K(g) such that if (a, b) ∈ R(x) then |F (a, b)| < Kx 2k . It follows that #(S(x)) ≥ #(R((x/K) 1/2k ))/B(k − 1) for x ≫ 0. But it is standard to show that #(R(x)) ≫ x 2 /M 2 for x ≫ 0, and the proposition follows.
